Introduction
A classical theorem of Castelnuovo [Ca] and de Franchis [dF] , proved at the turn of the last century, implies that a smooth compact complex surface X satisfying the inequality (1) p g (X) < 2q(X) − 3 admits a fibration (i.e. a surjective morphism with connected fibres) onto a smooth curve of genus at least 2 (cf. also the modern age references [BPV] , Proposition 4.2 and [Be1] , C.8). This basic result in surface theory concerns in fact surfaces whose Albanese map is generically finite: otherwise the Albanese map of X automatically provides a fibration onto a smooth curve of genus at least 2, unless q(X) ≤ 1 when 2q(X) − 3 < 0. Inequality (1) can be restated as
The purpose of this paper is to show that, in this form, the inequality of Castelnuovo and de Franchis has the following natural generalization in arbitrary dimension:
Theorem A. Let X be a compact Kähler manifold of maximal Albanese dimension. If χ(ω X ) < q(X) − dim X then X admits a surjective morphism with connected fibers onto a normal compact analytic variety Y with 0 < dim Y < dim X and with any smooth modelỸ of Albanese general type. Moreover, one can also impose that everyỸ be in addition of general type, and with χ(ωỸ ) > 0.
We recall that a compact Kähler manifold is said to be of maximal Albanese dimension if its Albanese map is generically finite onto its image. According to Catanese [Cat] , it is said to be of Albanese general type if in addition its Albanese map is not surjective. Moreover, a morphism to a variety Y as in the theorem is called in [Cat] a higher irrational pencil. Thus Theorem A can be restated as follows: if X is of maximal Albanese dimension and does not admit a higher irrational pencil, then χ(ω X ) ≥ q(X) − dim X. An extremely interesting fact proved in [Cat] Theorem 2.25, inspired by results of Beauville and Siu for fibrations onto curves, is that the non-existence of higher irrational pencils is a purely topological condition detected by the cohomology algebra H * (X, C). Note also that irregular manifolds not of maximal Albanese dimension by definition admit morphisms to lower-dimensional nontrivial varieties (with smooth models) of maximal Albanese dimension. It is easy however to construct examples of such varieties of dimension 3 or higher satisfying χ(ω X ) < q(X) − dim X and which do not admit higher irrational pencils (cf. §5), so the maximal Albanese dimension hypothesis cannot be dropped in Theorem A.
Curves of genus at least 2, which appear in the classical result on surfaces, can be generalized in higher dimension (up to taking smooth models) in at least three different meaningful ways: (a) varieties of Albanese general type (as already noted in [Cat] 
Here we allow the case of maps to a point, i.e. dim Y = 0. Except for the last statement in parenthesis, Theorem A follows immediately from this. Indeed, the hypothesis of Theorem A implies that q(Ỹ ) − dimỸ > 0. In particular dimỸ > 0 andỸ is of Albanese general type. Note that in fact we have the more precise lower bound
It only remains to check the final assertion, which is standard: assume thatỸ is not of general type. Then, by Ueno's theorem ( [Mo] (3.7)), the image g(Y ) is ruled by positive dimensional subtori of T over a basis Z which is a subvariety of general type of an abelian variety. Consider the Stein factorization X → Z ′ of the induced morphism X → Z. By a result of Ein-Lazarsfeld ([EL] , Theorem 3) we have that χ(ωZ ′ ) > 0 for any smooth model as well, since otherwise Z would have to be further ruled by non-trivial subtori, in contradiction with the fact that it is of general type. Thus we can replace Y by Z ′ , which satisfies all the required conditions. Finally, Theorem B provides in fact a refinement of the result of Ein-Lazarsfeld [EL] mentioned above, namely Corollary 5.1 below.
The proof of Theorem B relies on an algebraic framework based on results in homological commutative algebra, which holds in great generality, combined with the theory of Generic Vanishing for the canonical bundle (cf. [GL1] , [GL2] , [Hac] ). We adopt an approach often employed in recent literature on irregular varieties, namely the use of the integral transform for coherent sheaves RΦ P (F) := Rp Pic 0 (X) * (p * X F ⊗ P ), where P is a Poincaré line bundle on X × Pic 0 (X) (cf.
e.g. [HP3] , [PP1] or [PP2] for a small sampling). We begin by giving in §2 a positive answer, in the compact Kähler case, to the natural generalization of a problem of [GL2] , Problem 6.2. In the projective case, this was proved by Hacon [Hac] (see also [Pa] for a different proof), and extended further in [PP3] .
The proof given here simply observes that the result is equivalent to the Generic Vanishing theorem of [GL1] . This equivalence is a particular case of a result which holds for an arbitrary coherent sheaf on X (cf. Theorem 2.2). We then introduce the Generic Vanishing Index, a measure of the size of the cohomological support loci of a sheaf F on an irregular variety X. This index turns out to quantify a homological property of RΦ P (F), namely that of being a k-th syzygy sheaf (cf. Corollary 3.2 and Definition 3.1). Based on the Evans-Griffith Syzygy Theorem, a deep result in local commutative algebra, it provides as a consequence a lower bound for the holomorphic Euler characteristic (cf. Theorem 3.3).
1 Therefore "strong" Generic Vanishing, Green and Lazarsfeld [GL2] .
It may be of interest to note that this approach in arbitrary dimension does not rely on generalizations of the well-known Castelnuovo-de Franchis Lemma on holomorphic 1-forms, which is the key ingredient in the classical proof on surfaces. Various highly interesting higher-dimensional generalizations of this result do exist in the literature (cf. [Cat] , [GL2] , [Ra] ). Their main thrust is however in a different direction, not directly linked to the holomorphic Euler characteristic. Finaly, some instances of the inequality we prove here have already been discovered in the nice work of Hacon-Pardini on the classification of certain irregular varieties. The case χ(ω X ) = 1 is worked out in [HP3] , while some of its consequences already appeared in [HP2] , both relying on a homological approach in [EL] with its roots in ideas of Green.
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Vanishing of higher direct images and Generic Vanishing
Let X be a smooth projective variety over an algebraically closed field, or a compact complex manifold, with Albanese map a : X → Alb(X). Consider a Poincaré line bundle P on X ×Pic 0 (X). We will make use of the integral functor RΦ P as in the Introduction, and also the analogous functor RΦ P ∨ defined by the dual of P . Given a sheaf F on X, we consider the cohomological support loci
(Here we denote by [α] a point in Pic 0 (X) and by α = P |X×[α] the corresponding line bundle on X.) We consider also the loci
Although, by base-change, Supp R i Φ P ∨ (F) is only contained in V i (F), and in general not equal to it, the two carry the same numerical information (around any point in Pic 0 (X)) in the following sense:
Lemma 2.1. For any integer m, the following are equivalent for any [α] ∈ Pic 0 (X):
Proof. All the arguments are local, so we omit mentioning this in what follows. Since by basechange we have that Supp
, it is enough to prove that (i) implies (ii). Assume, by contradiction, that (i) holds but (ii) fails. We can find a largest integer i such that there is an irreducible component W of V i (F) with codim V i+1 (F) < i + m. By the maximality of i, we conclude that
is non-zero at a general point of W , and this contradicts (i).
2 We are using the following well-known base-change result (applied to our setting): if h i+1 (F ⊗ α −1 ) is constant in a neighborhood of X, then both R i+1 Φ P ∨ (F) and R i Φ P ∨ (F) have the base-change property in a neighborhood of [α] . By semicontinuity, this holds if h i+1 (F ⊗ α −1 ) = 0 (see e.g. [M] , Cor.2 p.52).
Theorem C in the Introduction follows from the more general local result below, as the main result of [GL1] , Theorem 1, says that for a compact Kähler manifold X of dimension d and
Theorem 2.2. Let X be a smooth projective variety over an algebraically closed field, or a compact complex manifold, of dimension d, and let F be a coherent sheaf on X. The following are equivalent, for any [α] ∈ Pic 0 (X):
Proof. By Lemma 2.1, the condition in (i) is equivalent to
for all i > 0. Now Grothendieck duality exchanges the duality and integral functors according to the formula
where [d] denotes a shift to the left by d. (In the context of smooth varieties, this is well known, cf. for example [PP3] Lemma 2.2. The same proof works on complex manifolds, due to the fact that the analogue of Grothendieck duality holds in that context also, by [RR] and [RRV] ).
To prove that (i) implies (ii), we make use of the spectral sequence
In other words, to converge to Ext i
, we have to start with the E 2 -terms given by Ext (2), this is the same as saying that
On the other hand, by Serre-Grothendieck duality,
To prove that (ii) implies (i), 4 note that we have an involution
which induces a spectral sequence
In other words, to converge to R i Φ P ∨ (F), we have to start with the E 2 -terms given by the expressions Ext
. But Lemma 6.1 implies that for all j we have
3 We recall that base-change works more generally for hypercohomology of bounded complexes of sheaves which are flat over the base ([EGA III] 7.7, especially 7.7.4, and Remarque 7.7.12(ii)) 4 This type of argument was already used in [Hac] , and later in [PP3] .
Since by hypothesis and the duality in (2) in order to have a non-zero expression above we must have j ≥ −k, this implies that the codimension of the support of all E 2 -terms is at least i − k. But then chasing through the spectral sequence this immediately implies that
Remark 2.3. In the projective setting, and in the general context of arbitrary integral transforms, the relationship between the size of the loci V i (F) and the vanishing of R i Φ P ∨ (R∆F) is already contained in [PP3] , Theorem A. The argument provided here for passing from (i) to (ii) is different, working also in the non-projective case and, together with the results of the next section, again works for general integral transforms. We refer to §5 for precise statements.
3. The Generic Vanishing Index, k-th syzygy sheaves and the Evans-Griffith theorem Let X be a smooth projective variety over an algebraically closed field, or a compact complex manifold, and let F be a coherent sheaf on X. We introduce the following measure of the size of the cohomological support loci V i (F) for i > 0.
Definition 3.1. The quantity
is called the Generic Vanishing index of F. It is also useful to define a local version: given any
. Note that by Lemma 2.1, these indices could be defined using
The Generic Vanishing index reads a local algebraic property of the transform RΦ P (R∆F), namely that of being a syzygy sheaf (cf. the Appendix). It was already noted in [PP4] that the case m = 1, i.e. torsion-freeness, characterizes the M -regularity condition (cf. [PP1] ). For m ≥ 2, this can be interpreted as a characterization of higher regularity conditions on sheaves on X (or in other words of the GV m -property; cf. §5 for a more general context). 
is an m-th syzygy sheaf on Pic 0 (X), in a neighborhood of [α].
5
Proof. By Theorem 2.2 we know that the condition in (i) implies that RΦ P (R∆F) [d] is a sheaf in a neighborhood of [α] . As in its proof, we have in such a neighborhood that
Since by Lemma 2.1 we have that codim [α] Supp R i Φ P ∨ (F) = codim [α] V i (F), the result follows from Proposition 6.4.
As a consequence of the Evans-Griffith Syzygy Theorem (Theorem 6.6 below), the Generic Vanishing index of a coherent sheaf F provides a lower bound for its holomorphic Euler characteristic in case the equivalent conditions of Corollary 3.2 are satisfied for some m < ∞. This requires that there exist i > 0 with V i (F) = ∅. Theorem 3.3. Let X be a smooth projective variety over an algebraically closed field, or a compact complex manifold, and let F be a coherent sheaf on X such that there exists
Proof. Note that if the equivalent conditions of Corollary 3.2 are satisfied, then
Indeed, by the duality formula (2), the dual sheaf 
The holomorphic Euler characteristic of a compact Kähler manifold of maximal Albanese dimension
Here we specialize the general results of the previous sections to the case when F is the canonical bundle ω X of a compact Kähler manifold of maximal Albanese dimension. In this case gv(ω X ) ≥ 0, by the Generic Vanishing theorem of [GL1] . Moreover gv 0 (ω X ) < ∞ (where 0 denotes the identity point of Pic 0 (X)), since 0 ∈ V i (ω X ) for all i > 0. Hence Theorem 3.3 provides the inequality Corollary 4.1. Let X be a compact Kähler manifold of maximal Albanese dimension. Then
Proof. (of Theorem B).
Let i > 0 such that codim V i (ω X ) − i computes gv(ω X ), and let V be an irreducible component of V i (ω X ) of maximal dimension. By a fundamental theorem of Green and Lazarsfeld ([GL2] , Theorem 0.1), V is a translate of a subtorus T of Pic 0 (X). Moreover, there is a surjective morphism with connected fibers onto a normal compact analytic variety π : 
hence (c) and Corollary 4.1 imply that π : X → Y satisfies the conclusion of Theorem B.
We include a variant of our main inequality, which allows for avoiding hypotheses on the ground field and the Albanese dimension in case direct computations can be made.
Corollary 4.2. Let X be an irregular smooth projective variety over an algebraically closed field or compact Kähler manifold, such that 0 is an isolated point in
Proof. If the canonical bundle satisfies the Generic Vanishing condition codim 0 V i (ω X ) ≥ i for all i, then we obtain χ(ω X ) ≥ gv 0 (ω X ) as in Corollary 4.1. But by assumption V i (ω X ) = {0} in a neighborhood of 0, hence gv 0 (ω X ) = q(X) − dim X. Note that the hypothesis implies that the Generic Vanishing condition is equivalent to q(X) ≥ dim X. Otherwise q(X) − dim X < 0, but since q(X) > 0 and 0 is an isolated point in all V i (ω X ) with i > 0, we have χ(ω X ) ≥ 0, so the inequality still holds. 
where p := min{k | H k (X, α −1 ) = 0}. This can be rephrased as follows: if [α] is non-trivial isolated point in V 1 (ω X ), then our main inequality is improved to at least χ(ω X ) ≥ q(X) − dim X + 1. Beauville has given examples of varieties of arbitrary dimension at least 2 having such non-trivial isolated points in V 1 (ω X ) (cf. [Be2] §1). In the surface case, this is enough to get p g (X) ≥ 2q(X) − 2.
Further results and remarks
An application of Theorem B. When the holomorphic Euler characteristic is sufficiently small, Theorem B has as an immediate consequence a strengthening of a result of Ein-Lazarsfeld [EL] stating that varieties of maximal Albanese dimension with χ(ω X ) = 0 have the Albanese image fibered by subtori of Alb(X). We use the following notation: let i max be the maximal i > 0 computing gv(ω X ), i.e. such that gv(ω X ) = codim V i (ω X ) − i. Then we denote c(ω X ) := codim V imax (ω X ).
As an example, one can check without difficulty that if X = C × D is the product of a curve C of genus 2 and a smooth model D of a principal polarization in a g-dimensional abelian variety A with g > 2, then gv(ω X ) = 1 and it is computed by i = 1 and i = g − 1. Hence i max = g − 1 and c(ω X ) = codim V g−1 (ω X ) = g, while codim V 1 (ω X ) = 2. Note also that χ(ω X ) = 1.
, then the Albanese image of X is fibered by subvarieties of codimension at most χ(ω X ) of subtori of Alb(X).
For instance, the next step beyond the Green-Lazarsfeld result is the case χ(ω X ) = 1, where this says that the Albanese image of X is either fibered by subtori or by divisors of subtori of Alb(X). For the proof, we only need to note that for a morphism π : X → Y provided by Theorem B, the dimension of a general fiber, dim F π = dim X − dim Y , and the dimension of the subtorus K π := ker(Alb(X) → Alb(Y )), are subject to the inequality dim F π ≥ dim K π − χ(ω X ). The assertion follows since the Albanese map is generically finite on F π .
An example.
Here is an example which shows that in Theorem A the maximal Albanese dimension hypothesis is necessary. We construct a threefold X with surjective Albanese map and χ(ω X ) < q(X) − 3, such that there is no morphism with connected fibers to a smaller dimensional variety Y of Albanese general type. This can be done in higher dimension as well.
Let X = P 1 × S, where S is a smooth projective surface with the following properties: S is of general type, has surjective Albanese map, q(S) = 2 and χ(ω S ) > 1. Let's assume for now that such an S exists and come back to this at the end. Clearly q(X) = q(S) = 2, and the Albanese map of X is surjective. It is immediate to check that χ(ω X ) = −χ(ω S ). Thus the inequality χ(ω X ) < q(X) − 3 holds, since it is equivalent to χ(ω S ) > 1. On the other hand, there is no map X → Y with Y of Albanese general type and dim Y = 1, 2. Indeed, since the Albanese map of X is surjective, the induced map Alb(X) = Alb(S) → Alb(Y ) would have to surject onto the Albanese image of Y , which is not a subtorus, giving a contradiction.
Surfaces S with the required properties can be obtained by a standard construction. Take any abelian surface A, and an ample line bundle L on A with h 0 (L) ≥ 2. Then L ⊗2 is globally generated, so by Bertini we can consider D ∈ |L ⊗2 | a smooth irreducible divisor. Consider π : S → A the 2-fold cyclic cover branched along D. By the ramification formula, it is clear that ω S is ample, so S is of general type. We have π * O S ∼ = O A ⊕ L −1 , which combined with Kodaira Vanishing gives q(S) = q(A) = 2. Since π is surjective, this in turn implies by the universal property that the Albanese map of S has to be surjective as well. (In fact one can see that it is equal to π.) Finally, by relative duality we have
Optimality. Recall that Theorem A can be rephrased as saying that compact Kähler manifolds of maximal Albanese dimension which do not admit higher irrational pencils satisfy the inequality
The natural question concerning the optimality of this lower bound leads to intriguing problems. Equality in (4) is achieved when χ hol = 0 (abelian varieties) and χ hol = 1 (desingularizations of theta divisors of principally polarized abelian varieties), as well as for curves. These however seem to be the only known examples without higher irrational pencils. When χ hol gets higher, the state of affairs is completely open, and there are no known examples even in the classical case of surfaces. 6 We propose the potential construction of such examples as a highly interesting problem. We suspect though that for χ hol ≥ 2 equality is very rarely, if ever, achieved.
The setting of arbitrary integral functors. The notion of Generic Vanishing index and its relation with the k-th syzygy property for the Fourier-Mukai transform of the Grothendieck dual is not restricted to the context of the Picard variety. In the general setting of GV -sheaves (cf. [PP3] ) with respect to arbitrary integral transforms between smooth varieties given by locally free kernels, it holds with essentially the same proofs. We will only formulate the statements below, leaving the details to the interested reader. Extensions to objects in the derived category, on possibly singular varieties, will be discussed elsewhere.
Let X be a compact complex manifold (respectively a smooth projective variety over an algebraically closed field k) and let Y be a complex manifold, not necessarily compact (respectively a smooth algebraic variety over k). Let D(X) be the bounded derived category of coherent sheaves on X, and same for Y and X × Y . Any object E in D(X × Y ) defines an integral transform
Let now P be an object in D(X × Y ), and P ∨ the dual object RHom X×Y (P, O X×Y ). The extension of Theorem 2.2 under these hypotheses is:
6 Note that by contrast the classification of surfaces with irrational pencils and χ hol = q(X) − 2 is by now completely understood; cf. [HP3] and [Pi] for q(X) = 3, [BNP] for q(X) = 4 and [MLP] for q(X) ≥ 5. MendesLopez and Pardini [MLP] conjecture that there should be no examples with q(X) ≥ 4 and with no irrational pencils of genus at least 2.
Theorem 5.2. Let F be an object in D(X) and k ≥ 0 an integer. The following are equivalent:
In the language of [PP3] , an object satisfying condition (i) is called a GV −k -object. We recall that in the projective case this statement in contained in Theorem A of [PP3] .
We now assume that P is a locally free sheaf (or more generally a perfect complex) on X × Y . One can define the Generic Vanishing index of F with respect to P , denoted gv P (F), exactly as in Definition 3.1. The definition of GV −k -sheaves in [PP3] can be extended to a full filtration of Coh(X).
Definition 5.3. A coherent sheaf F on X satisfies Generic Vanishing with index k, or simply it is a GV k -sheaf, with respect to P , if gv P (F) ≥ k.
If the conditions of Theorem 5.2 are satisfied for k = 0, then the transform RΦ P (R∆F) = R dim X Φ P (R∆F)[dim X] is a sheaf on Y , denoted R∆F. Now, for y ∈ Y , let P y := P X×{y} . Then χ(F ⊗ P y ) does not depend on y, and will be denoted χ P (F). One has the following statements extending Theorem 3.2. and Theorem 3.3. 
6. Appendix: k-th syzygy sheaves
In this Appendix X is a smooth variety over an algebraically closed field or a complex manifold.
Lemma 6.1. If F a coherent sheaf on X, then
Proof. This is a well-known application of the Auslander-Buchsbaum-Serre formula, cf. e.g. [HL] Proposition 1.1.6(1) and [OSS] 
with E j locally free for all j. It is well known for example that 1-st syzygy sheaf is equivalent to torsion-free, and 2-nd syzygy sheaf is equivalent to reflexive. Every coherent sheaf is declared to be a 0-th syzygy sheaf, while a locally free sheaf is declared to be an ∞-syzygy sheaf.
Following [EG1] and [HL] §1.1, we consider Serre's condition for coherent sheaves.
Definition 6.3. A coherent sheaf F on X satisfies property S k if for all x in the support of F we have: depth F x ≥ min{k, dim O X,x }.
The following is a combination of various standard commutative algebra results plus a most likely well-known fact, Lemma 6.5, which we could not locate in the literature. Proof. For k = 0, (a) and (c) do not impose any conditions on a coherent sheaf, while (b) also holds since, in any case (6) codim Supp Ext i (F, O X ) ≥ i for any coherent sheaf F, by Lemma 6.1. The equivalence of (a) and (c) is a basic result of Auslander-Bridger, [AB] Theorem 4.25. The equivalence of (b) and (c) is [HL] Proposition 1.1.6(ii) in the case when the support of F is the entire X. Now for k ≥ 1, conditions (a) and (c) clearly imply that this is the case. We are only left with checking that (b) also implies for k ≥ 1 that F is supported everywhere. But this follows from the stronger Lemma below. Proof. If F is torsion free then it is a subsheaf of a locally free sheaf E. From the exact sequence 0 → F → E → E/F → 0 it follows that, for i > 0, Ext i (F, O X ) ∼ = Ext i+1 (E/F, O X ). But then (6), applied to E/F, implies that codim Supp Ext i (F, O X ) > i, for all i > 0.
Conversely, since X is smooth, the functor RHom( · , O X ) is an involution. Thus there is a spectral sequence
If codim Supp Ext i (F, O X ) > i for all i > 0, then Ext i Ext j (F, O X ), O X = 0 for all i, j such that j > 0 and i − j ≤ 0, so the only E ii ∞ term which might be non-zero is E 00 ∞ . But the differentials coming into E 00 p are always zero, so we get a sequence of inclusions F = H 0 = E 00 ∞ ⊂ . . . ⊂ E 00 3 ⊂ E 00 2 . The extremes give precisely the injectivity of the natural map F → F * * . Hence F is torsion free.
Most important for our applications is the sheaf theoretic version of the Syzygy Theorem of Evans-Griffith.
Theorem 6.6 ([EG1], Corollary 1.7). Let F be a k-th syzygy sheaf on X which is not locally free. Then rank(F) ≥ k. 
